In this paper, we prove some common fixed point theorems for three self-mappings satisfying various new contractive conditions in complete G-metric spaces. We also discuss that these mappings are G-continuous on such a common fixed point. And a non-trivial example is provided to support our new result in the framework of nonsymmetric G-metric spaces. At the end of the results, we give an existence theorem for common solution of three integral equations. The results obtained in this paper differ from the recent relative results in literature.
Introduction and preliminaries
The study of fixed points of mappings satisfying certain contractive conditions has been in the center of rigorous research activity. In 2006, a new structure of generalized metric space was introduced by Mustafa and Sims [12] as an appropriate notion of generalized metric space called G-metric space. Abbas and Rhoades [2] initiated the study of common fixed point in generalized metric space. Recently, many fixed point theorems for certain contractive conditions have been established in G-metric spaces, and for more details one can refer to [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . Recently, Gu and Zhang [7] proved a common fixed point theorems for six self-mappings with twice power type contractive condition in metric space. In 2002, Gu et al. [4] proved a common fixed point theorem for four self-mappings with third power type contractive condition in metric space. In 2012, Ye and Gu [17] proved a common fixed point theorems for four self-mappings with four power type contractive condition in metric space.
Motivated by the recent works, in this paper, we introduce some new contraction condition on Gmetric space for three self-mappings, and we prove some new common fixed point theorems. The results obtained in this paper differ from the recent relative results in literature.
Throughout the paper, we mean by N the set of all natural numbers. Consistent with Mustafa and Sims [12] , the following definitions and results will be needed in the sequel. Definition 1.1 ([12] ). Let X be a nonempty set, and let G : X × X × X −→ R + be a function satisfying the following axioms: (G1) G(x, y, z) = 0 if x = y = z; (G2) 0 < G(x, x, y) for all x, y ∈ X with x = y; (G3) G(x, x, y) G(x, y, z) for all x, y, z ∈ X with z = y; (G4) G(x, y, z) = G(x, z, y) = G(y, z, x) = · · · (symmetry in all three variables); (G5) G(x, y, z) G(x, a, a) + G(a, y, z) for all x, y, z, a ∈ X (rectangle inequality); then the function G is called a generalized metric, or, more specifically a G-metric on X and the pair (X, G) is called a G-metric space.
Definition 1.2 ([12]
). Let (X, G) be a G-metric space, and let {x n } be a sequence of points in X, a point x in X is said to be the limit of the sequence {x n } if lim m,n→∞ G(x, x n , x m ) = 0, and one says that sequence {x n } is G-convergent to x. Thus, if x n → x in a G-metric space (X, G), then for any > 0, there exists N ∈ N such that G(x, x n , x m ) < for all n, m N.
Proposition 1.3 ([12]
). Let (X, G) be a G-metric space, then the following are equivalent.
Proposition 1.6 ([12]
). Let (X, G) be a G-metric space. Then the following are equivalent.
(1) The sequence {x n } is G-Cauchy.
(2) For every > 0, there exists k ∈ N such that G(x n , x m , x m ) < for all n, m k.
Proposition 1.7 ([12]
). Let (X, G) be a G-metric space. Then the function G(x, y, z) is jointly continuous in all three of its variables.
Definition 1.8 ([12]
). Let (X, G) and (X , G ) be G-metric space, and f : (X, G) → (X , G ) be a function. Then f is said to be G-continuous at a point a ∈ X if and only if for every ε > 0, there is δ > 0 such that x, y ∈ X and G(a, x, y) < δ implies G (f(a), f(x), f(y)) < ε. A function f is G-continuous at X if and only if it is G-continuous at all a ∈ X. Proposition 1.9 ([12] ). Let (X, G) and (X , G ) be G-metric spaces. Then f : X → X is G-continuous at x ∈ X if and only if it is G-sequentially continuous at x, that is, whenever {x n } is G-convergent to x, {f(x n )} is G-convergent to f(x).
Proposition 1.10 ([12]
). Let (X, G) be a G-metric space. Then, for any x, y, z, a in X it follows that:
Recently, Jleli-Samet [8] and Samet et al. [13] observed that some fixed point theorems in the context of a G-metric space can be proved (by simple transformation) using related existing results in the setting of a (quasi-) metric space. Namely, if the contraction condition of the fixed point theorem on G-metric space can be reduced to two variables, then one can construct an equivalent fixed point theorem in setting of usual metric space. This idea is not completely new, but it was not successfully used before (see [11] ). Very recently, Karapinar and Agarwal [9] suggested new contraction conditions in G-metric space in a way that the techniques in [8, 13] are not applicable. In this approach [9] , contraction conditions cannot be expressed in two variables. So, in some cases, as is noticed even in Jleli-Samet's paper [8] , when the contraction condition is of nonlinear type, this strategy cannot be always successfully used. This is exactly the case in our paper.
Main results
Theorem 2.1. Let (X, G) be a complete G-metric space. Suppose the three self-mappings f, g, h : X → X satisfy the following condition
for all x, y, z ∈ X, where 0 q < 1, α, β, γ, δ ∈ [0, +∞) and θ = α + β + γ + δ. Then f, g, and h have a unique common fixed point (say u) and f, g, h are all G-continuous at u.
Proof. We will proceed in two steps. First we prove any fixed point of f is a fixed point of g and h. Assume that p ∈ X is such that fp = p. Now, we prove that p = gp = hp. In fact, by using (2.1), we have
It follows that G θ (p, gp, hp) = 0, hence, p = gp = hp. So p is a common fixed point of f, g, and h. The same conclusion holds if p = gp or p = hp. Now, we prove that f, g, and h have a unique common fixed point. Suppose x 0 is an arbitrary point in X. Define {x n } by x 3n+1 = fx 3n , x 3n+2 = gx 3n+1 , x 3n+3 = hx 3n+2 , n = 0, 1, 2, · · · . If x n = x n+1 for some n, with n = 3m, then p = x 3m is a fixed point of f and, by the first step, p is a common fixed point for f, g, and h. The same holds if n = 3m + 1 or n = 3m + 2. Without loss of generality, we can assume that x n = x n+1 for all n ∈ N.
Next we prove sequence {x n } is a G-Cauchy sequence. In fact, by (2.1) and (G3), we have
Combining θ = α + β + γ + δ, which implies that
If α + β = 0, then we have 1 q, it is a contradiction, hence α + β > 0. Thus, we have
On the other hand, from the conditions (2.1) and (G3), we have
If α + γ = 0, then we have 1 q, which is a contradiction, hence α + γ > 0, which implies that
Again, using (2.1) and (G3), we can get
If α + δ = 0, then we have 1 q, which is a contradiction, hence α + δ > 0. Thus, we have
α+δ }, then 0 t < 1. And combining (2.2), (2.3), and (2.4), we have
Thus, by (G3) and (G5), for every m, n ∈ N, m > n, noting that 0 t < 1, we have
Thus {x n } is a G-Cauchy sequence. Due to the G-completeness of X, there exists u ∈ X, such that {x n } is G-convergent to u. Now we prove u is a common fixed point of f, g, and h. By using (2.1), we have
Letting n → ∞, and using the fact that G is continuous in its variables, we can get
which gives that fu = u, hence u is a fixed point of f.
Similarly it can be shown that gu = u and hu = u. Consequently, we have u = fu = gu = hu, and u is a common fixed point of f, g, and h.
To prove the uniqueness, suppose that v is another common fixed point of f, g, and h, then by (2.1), we have
Hence, u = v. Thus u is a unique common fixed point of f, g, and h. To show that f is G-continuous at u, let {y n } be any sequence in X such that {y n } is G-convergent to u. For n ∈ N, from (2.1) we have
Therefore, we get lim n→∞ G(fy n , u, u) = 0, that is, {fy n } is G-convergent to u = fu, and so f is Gcontinuous at u. Similarly, we can also prove that g, h are G-continuous at u. This completes the proof of Theorem 2.1.
Corollary 2.2. Let (X, G) be a complete G-metric space. Suppose the three self-mappings f, g, h : X → X satisfy the condition
for all x, y, z ∈ X, where 0 q < 1, p, s, r ∈ N, α, β, γ, δ ∈ [0, +∞) and θ = α + β + γ + δ. Then f, g, and h have a unique common fixed point (say u) and f p , g s , and h r are all G-continuous at u.
Proof. From Theorem 2.1 we know that f p , g s , h r have a unique common fixed point (say u), that is,
so gu is another fixed point of g s , and hu = hh r u = h r+1 u = h r hu, so hu is another fixed point of h r . By the condition (2.5), we have
which implies that G θ (f p fu, g s fu, h r fu) = 0, that is fu = f p fu = g s fu = h r fu, hence fu is another common fixed point of f p , g s , and h r . Since the common fixed point of f p , g s , and h r is unique, we deduce that u = fu. By the same argument, we can prove u = gu, u = fu. Thus, we have u = fu = gu = hu. Suppose v is another common fixed point of f, g, and h, then v = f p v, and by using the condition (2.5) again, we have
So the common fixed of f, g, and h is unique.
Corollary 2.3. Let (X, G) be a complete G-metric space. Suppose self-mapping T : X → X satisfies the condition:
for all x, y, z ∈ X, where 0 q < 1, α, β, γ, δ ∈ [0, +∞) and θ = α + β + γ + δ. Then T has a unique fixed point (say u) and T is G-continuous at u.
Proof. Let T = f = g = h in Theorem 2.1, we can know that Corollary 2.3 holds.
Corollary 2.4. Let (X, G) be a complete G-metric space. Suppose self-mapping T : X → X satisfies the condition:
for all x, y, z ∈ X, where 0 q < 1, p ∈ N, α, β, γ, δ ∈ [0, +∞) and θ = α + β + γ + δ. Then T has a unique fixed point (say u) and T p is G-continuous at u.
Proof. Let T = f = g = h and p = s = r in Corollary 2.2, we can get this conclusion holds.
Now we list some special cases of Theorem 2.1, and we get some corollaries in the sequel.
Corollary 2.5. Let (X, G) be a complete G-metric space. Suppose f, g, and h are three mappings of X into itself. If one of the following conditions is satisfied
(1) G(fx, gy, hz) qG(x, y, z); (2) G(fx, gy, hz) qG(x, fx, fx); (3) G(fx, gy, hz) qG(y, gy, gy); (4) G(fx, gy, hz) qG(z, hz, hz)
for all x, y, z ∈ X, where 0 q < 1, then f, g, and h have a unique common fixed point (say u) and f, g, h are all G-continuous at u.
Proof. Taking for all x, y, z ∈ X, where 0 q < 1, then f, g, and h have a unique common fixed point (say u) and f, g, h are all G-continuous at u.
Proof. Taking (1) α = β = 1 and γ = δ = 0; (2) α = γ = 1 and β = δ = 0; (3) α = δ = 1 and β = γ = 0; (4) β = δ = 1 and α = γ = 0; (5) γ = δ = 1 and α = β = 0; (6) β = γ = 1 and α = δ = 0 in Theorem 2.1, respectively, then the conclusion of Corollary 2.6 can be obtained from Theorem 2.1 immediately.
Corollary 2.7. Let (X, G) be a complete G-metric space. Suppose f, g, and h are three mappings of X into itself. If one of the following conditions is satisfied
(1) G 3 (fx, gy, hz) qG(x, y, z)G(x, fx, fx)G(y, gy, gy); (2) G 3 (fx, gy, hz) qG(x, y, z)G(x, fx, fx)G(z, hz, hz); (3) G 3 (fx, gy, hz) qG(x, y, z)G(y, gy, gy)G(z, hz, hz); (4) G 3 (fx, gy, hz) qG(x, fx, fx)G(y, gy, gy)G(z, hz, hz)
Proof. Taking α = β = γ = δ = 1 in Theorem 2.1, then the conclusion of Corollary 2.8 can be obtained from Theorem 2.1 immediately.
Theorem 2.9. Let (X, G) be a complete G-metric space, and let f, g, h : X → X be three self-mappings in X, which satisfy the following condition
for all x, y, z ∈ X, where 0 q < 1, θ = α + β + γ + δ, α, β, γ, δ ∈ [0, +∞). Then f, g, and h have a unique common fixed point (say u), and f, g, h are all G-continuous at u.
Proof. We will proceed in two steps. First we prove any fixed point of f is a fixed point of g and h. Assume that p ∈ X such that fp = p, by the condition (2.6), we have
Next we prove the sequence {x n } is a G-Cauchy sequence. In fact, by (2.6) and (G3), we can have
By the same argument, we can get
α+δ }, hence 0 t < 1, then for all n, we have
which gives that G(x n , x m , x m ) → 0, as n, m → ∞. Thus {x n } is G-Cauchy sequence. Due to the completeness of X, there exists u ∈ X, such that {x n } is G-convergent to u. Next we prove u is a common fixed point of f, g, and h. It follows from (2.6) that
Letting n → ∞, and using the fact that G is continuous in its variables, we get that
Similarly, we can obtain that G θ (u, gu, u) = 0, G θ (u, u, hu) = 0. Hence, we get u = fu = gu = hu, and u is a common fixed point of f, g, and h. Suppose v is another common fixed point of f, g and h, then by (2.6) we have
Thus, u = v. Then we know that the common fixed point of f, g, and h is unique.
To show that f is G-continuous at u, let {y n } be any sequence in X such that {y n } is G-convergent to u. For n ∈ N, from (2.6) we have
which implies that lim n→∞ G θ (fy n , u, u) = 0. Hence {fy n } is G-convergent to u = fu. So f is Gcontinuous at u. Similarly, we can also prove that g, h are G-continuous at u. This completes the proof of Theorem 2.9.
Corollary 2.10. Let (X, G) be a complete G-metric space, and let f, g, h : X → X be three self-mappings in X, which satisfy the following condition
for all x, y, z ∈ X, where 0 q < 1, m, n, l ∈ N, α, β, γ, δ ∈ [0, +∞) and θ = α + β + γ + δ. Then f, g, and h have a unique common fixed point (say u), and f m , g n , h l are all G-continuous at u.
Corollary 2.11. Let (X, G) be a complete G-metric space, and let T : X → X be a self-mapping in X, which satisfies the following condition
for all x, y, z ∈ X, where 0 q < 1, α, β, γ, δ ∈ [0, +∞) and θ = α + β + γ + δ. Then T has a unique fixed point (say u), and T is G-continuous at u. Now, we list some special cases of Theorem 2.9, and we get some corollaries in the sequel.
Corollary 2.12. Let (X, G) be a complete G-metric space. Suppose f, g, and h are three mappings of X into itself. If one of the following conditions is satisfied for all x, y, z ∈ X, where 0 q < 1, then f, g, and h have a unique common fixed point (say u) and f, g, h are all G-continuous at u.
Corollary 2.14. Let (X, G) be a complete G-metric space. Suppose f, g, and h are three mappings of X into itself. If one of the following conditions is satisfied for all x, y, z ∈ X, where 0 q < 1, then f, g, and h have a unique common fixed point (say u) and f, g, h are all G-continuous at u. for all x, y, z ∈ X, where 0 q < 1. Then f, g, and h have a unique common fixed point (say u) and f, g, and h are all G-continuous at u.
Now, we introduce an example to support the validity of our results.
Example 2.16. Let X = {0, 1, 2} be a set with G-metric defined by Table 1 . Table 1 (x, y, z) G(x, y, z) (0,0,0), (1,1,1 Note that G is non-symmetric as G(1, 2, 2) = G(1, 1, 2). Let f, g, h : X → X be defined by Table 2 . Table 2 x f(x) g(x) h(x) 0 2  1  2  1  2  2  2  2  2  2  2 Case 1. If y = 0, we have fx = gy = hz = 2, then
Case 2. If y = 0, then fx = hz = 2 and gy = 1, hence G 2 (fx, gy, hz) = G 2 (2, 1, 2) = 2 2 = 4. We divide the study in three sub-cases:
(a) If (x, y, z) = (0, 0, z), z ∈ {0, 1, 2}, then we have G(x, fx, gy)G(y, gy, hz) = G(0, f0, g0)G(0, g0, hz) = G(0, 2, 1)G(0, 1, 2) = 16.
Thus, we have
(c) If (x, y, z) = (2, 0, z), z ∈ {0, 1, 2}, then we have
In all above cases, inequality (4) of Corollary 2.13 is satisfied for q = 1 2 . Clearly, 2 is the unique common fixed point for all of the three mappings f, g and h.
Applications
Throughout this section, we assume that X = C([0, T ]) is the set of all continuous functions defined on
Then (X, G) is a G-complete metric space. Consider the integral equations:
where
The aim of this section is to give an existence theorem for a solution of the above integral equations by using the obtained result given by Corollary 2.5. Theorem 3.1. Suppose the following hypotheses hold:
for each comparable u, v ∈ R and each t, s ∈ [0, T ];
T 0 H(t, s)ds q for some q < 1. This proves that the operators f, g, h satisfy the contractive condition (1) appearing in Corollary 2.5, and hence f, g, h have a unique common fixed point u ∈ C([0, T ]), that is, u is a unique common solution to the integral equations (3.2). Proof. Taking K 1 = K 2 = K 3 = K in Theorem 3.1, then the conclusion of Corollary 3.2 can be obtained from Theorem 3.1 immediately.
